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Endeiktikèc lÔseic

Jèma 1. (3.5 mon�dec)

1.1 DÐnontai n jèseic sth seir� kai zhtoÔmeno eÐnai na topojethjoÔn k foithtèc
gia na gr�youn exet�seic ¸ste metaxÔ k�je dÔo foitht¸n na up�rqei mÐa ken 
jèsh (n ≥ 2k − 1). Me pìsouc diaforetikoÔc trìpouc mporeÐ na gÐnei autì;

Bg�zw foithtèc kai jranÐa apì thn aÐjousa. DÐnw èna jranÐo se k�je foitht  (1
trìpoc up�rqei afoÔ ta jranÐa eÐnai Ðdia, desmeÔw k). Diat�ssw touc foithtèc
me ta jranÐa touc: up�rqoun k! diaforetikoÐ trìpoi afoÔ oi foithtèc eÐnai
diaforetikoÐ. Topojet¸ èna �deio jranÐo an�mesa se k�je zeug�ri foitht¸n (1
trìpoc afoÔ ta jranÐa eÐnai Ðdia, desmeÔw k−1 jranÐa). Moir�zw ta n−2k +1
Ðdia jranÐa pou perÐsseyan se k + 1 diaforetikèc upodoqèc. Autì gÐnetai me(

k + 1 + n− 2k + 1− 1

n− 2k + 1

)
=

(
n− k + 1

n− 2k + 1

)
trìpouc. 'Ara sunolik� up�rqoun

k! ·
(

n− k + 1

n− 2k + 1

)
diaforetikoÐ trìpoi.

1.2 Na apodeiqjeÐ ìti gia k�je fusikì arijmì n isqÔei:
n∑

i=0

(
n

i

)
2i = 3n

Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
xi = (1 + x)n. Gia x = 2 h parap�nw sqèsh dÐnei:

n∑
i=0

(
n

i

)
2i = (1 + 2)n = 3n

Jèma 2. (3.5 mon�dec)

2.1 Me pìsouc trìpouc èna sÔnolo apì r ≥ 6 Ðdia antikeÐmena mporeÐ na diaqwristeÐ
se 3 diaforetik� uposÔnola, an� dÔo xèna metaxÔ touc, ¸ste k�je uposÔnolo
na èqei toul�qiston 2 antikeÐmena (h ènwsh twn 3 uposunìlwn ja perièqei ìla
ta r antikeÐmena);

Gia na èqei k�je èna apì ta 3 uposÔnola toul�qiston dÔo antikeÐmena, paÐrnoume
6 antikeÐmena kai ta topojetoÔme apì 2 se k�je uposÔnolo. AfoÔ ta antikeÐ-
mena eÐnai Ðdia, de m�c endiafèrei poia antikeÐmena ja topojet soume se k�je
uposÔnolo, arkeÐ na eÐnai 2. O sunolikìc arijmìc twn trìpwn na moir�soume
ta upìloipa r − 6 Ðdia antikeÐmena prokÔptei wc ex c:

– Se k�je antikeÐmeno apì ta r − 6 anajètoume èna uposÔnolo apì ta 3.
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– Autì gÐnetai me touc trìpouc pou mporoÔme na dialèxoume (r− 6) antikeÐ-

mena apì 3 me epan�lhyh:
(

r − 6 + 3− 1

r − 6

)
=

(
r − 4

r − 6

)
=

(r − 4)(r − 5)

2

Enallaktik�: H genn tria sun�rthsh èqei sa suntelestèc ton arijmì twn trì-
pwn pou mporoÔme na topojet soume ta r antikeÐmena sta 3 uposÔnola, me ton
periorismì ìti k�je uposÔnolo èqei toul�qiston 2 antikeÐmena.

A(x) = (x2 + x3 + x4 + ...)(x2 + x3 + x4 + ...)(x2 + x3 + x4 + ...) =

x6(1 + x + x2 + ...)(1 + x + x2 + ...)(1 + x + x2 + ...) = x6

(
1

1− x

)3

=

x6(1−x)−3 = x6

∞∑

k=0

(−1)k

(−3

k

)
xk = x6

∞∑

k=0

(
3 + k − 1

k

)
xk = x6

∞∑

k=0

(
3 + k − 1

k

)
xk

Gia na broÔme to suntelest  tou xr pou eÐnai h ap�nthsh sthn er¸thsh jètoume

k = r − 6 kai èqoume
(

r − 6 + 3− 1

r − 6

)
=

(
r − 4

r − 6

)
=

(r − 4)(r − 5)

2

2.2 Poioc eÐnai o suntelest c tou x63 sthn par�stash (1+x3 +x7)74; Oi akèraiec
lÔseic thc exÐswshc 3i + 7j = 63 eÐnai oi (i, j) ∈ {(0, 9), (7, 6), (14, 3), (21, 0)}.

IsqÔei (s + t)n =
n∑

r=0

C(n, r)srtn−r. Gia s = x3 kai t = 1 + x7 èqoume:

(1 + x3 + x7)74 =
74∑

r=0

(
74

r

)
x3·r(1 + x7)74−r =

74∑
r=0

(
74

r

)
x3·r

74−r∑

k=0

(
74− r

k

)
x7·k.

Gia na upologÐsoume to suntelest  tou x63 prèpei na epilèxoume kat�llhla zeÔ-
gh tim¸n gia k kai r tètoia ¸ste 3r+7k = 63, me k kai r jetikoÔc akèraiouc mi-
krìterouc tou 63. Aut� dÐnontai apì thn ekf¸nhsh: {(0, 9), (7, 6), (14, 3), (21, 0)}.
Opìte o suntelest c tou x63 eÐnai:

(
74
9

)(
65
0

)
+

(
74
6

)(
68
7

)
+

(
74
3

)(
71
14

)
+

(
74
0

)(
74
21

)
.

Jèma 3. (4 mon�dec)

3.1 Upojètontac ìti h b�sh thc puramÐdac paramènei stajer  kai oi summetrÐec pro-
kÔptoun met� apì peristrof  thc gÔrw apì ton katakìrufo �xona, me pìsouc
trìpouc mpor¸ na qrwmatÐsw tic pleurèc miac puramÐdac me 2 qr¸mata;

– D = {a, b, c, d}, oi pleurèc
– R = {x, y}, ta qr¸mata me w(x) = x,w(y) = y

– 'Eqoume tic ex c metajèseic: π1 =

(
abcd
abcd

)
, π2 =

(
abcd
bcad

)
kai π3 =

(
abcd
cabd

)
, dhl. |G| = 3.

– Gia thn π1 eÐnai: x4
1

– Gia thn π2 eÐnai: x1
1x

1
3

– Gia thn π3 eÐnai: x1
1x

1
3
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– Opìte: PG =
x4

1 + x1
1x

1
3 + x1

1x
1
3

3
=

x4
1 + 2x1

1x
1
3

3

– 'Eqoume 2 qr¸mata me b�rh x, y, opìte:

– Opìte: PG =
(x + y)4 + 2(x + y)(x3 + y3)

3
= x4+y4+2x3y+2x2y2+2xy3

– Jètontac x = y = 1 èqoume: 1+1+2+2+2 = 8 trìpoi dhl. diaforetikoÐ
qrwmatismoÐ.

Enallaktik�: H b�sh thc puramÐdac mporeÐ na qrwmatisteÐ me 2 trìpouc (afoÔ
2 eÐnai ta diajèsima qr¸mata). Gia k�je ènan apì autoÔc touc qrwmatismoÔc,
oi diaforetikoÐ qrwmatismoÐ pou mporoÔn na l�boun oi upìloipec pleurèc pro-
kÔptoun wc ex c:

– D = {a, b, c}, oi pleurèc (ektìc thc b�shc)
– R = {x, y}, ta qr¸mata me w(x) = x,w(y) = y

– 'Eqoume tic ex c metajèseic: π1 =

(
abc
abc

)
, π2 =

(
abc
bca

)
kai π3 =

(
abc
cab

)
, dhl. |G| = 3.

– Gia thn π1 eÐnai: x3
1

– Gia thn π2 eÐnai: x1
3

– Gia thn π3 eÐnai: x1
3

– Opìte: PG =
x3

1 + x1
3 + x1

3

3
=

x3
1 + 2x1

3

3

3



– 'Eqoume 2 qr¸mata me b�rh x, y, opìte:

– Opìte: PG =
(x + y)3 + 2(x3 + y3)

3

– Jètontac x = y = 1 èqoume: 23+2·2
3

= 12
3

= 4 trìpoi dhl. diaforeti-
koÐ qrwmatismoÐ gia k�je diaforetikì qrwmatismì thc b�shc. Epomènwc,
sunolik� up�rqoun 2 · 4 = 8 diaforetikoÐ qrwmatismoÐ.

3.2 Me qr sh thc Arq c EgkleismoÔ-ApokleismoÔ na upologisteÐ to pl joc twn
mh arnhtik¸n lÔsewn thc exÐswshc x1 + x2 + x3 + x4 = 15, me xi ≤ 7, gia k�je
i 1 ≤ i ≤ 4.

'Estw S to sÔnolo ìlwn twn lÔsewn thc exÐswshc. |S| = N =

(
15 + 4− 1

15

)
=

(
18

15

)
GiatÐ; IsoÔtai me touc trìpouc pou mpor¸ na topojet sw 15 Ðdia anti-

keÐmena (15 mon�dec) se 4 diaforetikèc upodoqèc (tic metablhtèc x1, x2, x3, x4)

– c1: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th sunj kh x1 > 7

– c2: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th sunj kh x2 > 7

– c3: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th sunj kh x3 > 7

– c4: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th sunj kh x4 > 7

Autì pou zht�me eÐnai to N(c1 c2 c3 c4). Jèlw na fti�xw mia exÐswsh qwrÐc
periorismoÔc. An isqÔei h c1 tìte xèrw ìti x1 > 7   isodÔnama x1 ≥ 8, dhl.
h mikrìterh tim  pou mporeÐ na p�rei h x1 eÐnai 8. LÔnw thn exÐswsh x1 +
x2 + x3 + x4 = 7 kai apì k�je lÔsh pou ja upologÐsw paÐrnw mÐa lÔsh gia thn
arqik  exÐswsh prosjètontac sthn tim  tou x1 to 8. To pl joc twn lÔsewn thc
exÐswshc x1 + x2 + x3 + x4 = 7 eÐnai

(
7+4−1

7

)
=

(
10
7

)
. Epomènwc, tìsec eÐnai kai

oi lÔseic thc arqik c exÐswshc pou ikanopoioÔn th sunj kh c1. Ta Ðdia isqÔoun
kai gia tic sunj kec c2, c3, c4. Gia na upologÐsw ta N(c1c2) = N(c1c3) =
N(c1c4) = N(c2c3) = N(c2c4) = N(c3c4) akolouj¸ an�logh diadikasÐa. Jèlw
na fti�xw mia exÐswsh qwrÐc periorismoÔc. An isqÔei h c1c2 tìte xèrw ìti
x1 > 7, x2 > 7   isodÔnama x1 ≥ 8, x2 ≥ 8, dhl. h mikrìterh tim  pou mporoÔn
na p�roun oi x1, x2 eÐnai 8. Tìte ìmwc h exÐswsh x1 + x2 + x3 + x4 = −1
eÐnai adÔnath kai to Ðdio isqÔei gia opoiod pote �llo zeÔgoc 2 metablht¸n, dhl.
N(c1c2) = N(c1c3) = N(c1c4) = N(c2c3) = N(c2c4) = N(c3c4) = 0. 'Omoia,
eÐnai N(c1c2c3) = N(c1c2c4) = N(c2c3c4) = 0 afoÔ an 3 apì tic metablhtèc
èqoun tim  toul�qiston 8 h exÐswsh eÐnai p�li adÔnath. 'Omoia, N(c1c2c3c4) = 0
afoÔ an kai oi 4 metablhtèc èqoun tim  toul�qiston 8 h exÐswsh eÐnai p�li
adÔnath. Sunolik�: N(c1 c2 c3 c4) = N − N(c1) − N(c2) − N(c3) − N(c4) +
N(c1c2) + N(c1c3) + N(c1c4) + N(c2c3) + N(c2c4) + N(c3c4) − N(c1c2c3) −
N(c1c2c4)−N(c2c3c4)+N(c1c2c3c4) =

(
18
15

)−(
4
1

)(
10
7

)
+0−0+0 = 816−480 = 336
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