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Endeiktikèc lÔseic

Jèma 1

1.1 Pìsec duadikèc akoloujÐec 32 yhfÐwn èqoun akrib¸c 7 �ssouc;

�duadikèc akoloujÐec twn 32 jèsewn me 7 akrib¸c �ssouc�

⇔

�epilègw 7 apì tic 32 jèseic gia na filoxen soun touc �ssouc kai b�zw 0 se
ìlec tic upìloipec�

Up�rqoun tìsoi trìpoi na to k�nw autì ìsoi eÐnai oi trìpoi na dialèxw 7 apì
32 stoiqeÐa, dhl.:

C(32, 7) =
32!

7!25!
=

26 · 27 · 28 · 29 · 30 · 31 · 32
1 · 2 · 3 · 4 · 5 · 6 · 7

= 3.365.856

1.2 UpologÐste th genn tria sun�rthsh thc akoloujÐac 2, 7, 29, 133, ..., 2n + 5n, ...

– A(x) = 20 + 50 + (21 + 51)x+ (22 + 52)x2 + ... =

(20 + 2x+ 22x2 + ...) + (50 + 5x+ 25x2 + ...)

[(2x)0 + (2x)1 + (2x)2 + ...] + [(5x)0 + (5x)1 + (5x)2 + ...] =

1

1− 2x
+

1

1− 5x
=

1− 5x+ 1− 2x

1− 7x+ 10x2
=

2− 7x

1− 7x+ 10x2

Jèma 2

2.1 Qrhsimopoi¸ntac genn triec sunart seic, upologÐste me pìsouc trìpouc mpo-
roÔn na moirastoÔn ta 52 (diakekrimèna) qarti� miac tr�poulac se 4 (diakekri-
mènouc) paÐktec ìtan k�je paÐkthc prèpei na p�rei toul�qiston èna qartÐ.

– Ta qarti� eÐnai diaforetik�, opìte m�c endiafèrei h seir� (ìqi me thn ènnoia
ìti mac endiafèrei h seir� pou moir�zontai ta qarti�, all� me thn ènnoia
ìti epib�lloun mÐa di�taxh stouc paÐktec). 'Ara prèpei na qrhsimopoihjoÔn
ekjetikèc genn triec sunart seic.
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– H GS gia k�je paÐkth eÐnai: x1

1!
+ x2

2!
+ x3

3!
+ ... = ex − 1

ShmeÐwsh: Epeid  ta qarti� eÐnai 52 kai epeid  k�je paÐkthc prèpei na p�-
rei toul�qiston 1 qartÐ kai kanènac paÐkthc de mporeÐ na p�rei perissìtera
apì 49 qarti�, ja èprepe na stamat soume to �jroisma x1

1!
+ x2

2!
+ x3

3!
+ ...

ston ìro x49

49!
. Tìte ìmwc to �jroisma de ja isoÔtan me ex − 1. Epe-

kteÐnontac to �jroisma sto �peiro den ephre�zei to apotèlesma epeid  oi
megalÔterec dun�meic tou x den ephre�zoun to zhtoÔmeno suntelest .

– 'Ara h GS gia ìlouc touc paÐktec eÐnai: (ex−1)4 = e4x−4e3x+6e2x−4ex+1

– H ap�nthsh sthn er¸thsh dÐnetai apì to suntelest  tou ìrou x52

52!
pou

eÐnai: 452 − 4 · 352 + 6 · 252 − 4

2.2 MetaxÔ 2n antikeimènwn ta n eÐnai Ðdia. Me pìsouc trìpouc mporoÔme na epi-
lèxoume n apì ta dosmèna 2n antikeÐmena;

MporoÔme na dialèxoume n antikeÐmena apì ta 2n wc ex c:

– dialègw me 1 trìpo n Ðdia antikeÐmena kai me
(
n
0

)
trìpouc 0 apì ta diafo-

retik� n antikeÐmena,

– dialègw me 1 trìpo n − 1 Ðdia antikeÐmena kai me
(
n
1

)
trìpouc 1 apì ta

diaforetik� n antikeÐmena,

– dialègw me 1 trìpo n − 2 Ðdia antikeÐmena kai me
(
n
2

)
trìpouc 2 apì ta

diaforetik� n antikeÐmena,

– k.o.k.

– dialègw me 1 trìpo 0 Ðdia antikeÐmena kai me
(
n
n

)
trìpouc n apì ta diafo-

retik� n antikeÐmena.

'Ara sunolik�:
(
n
0

)
+
(
n
1

)
+ ...+

(
n
n

)
=

n∑
i=0

(
n

i

)
= 2n trìpouc.

Enallaktik  lÔsh:

– JewroÔme n diadoqikèc jèseic ìpou k�je mÐa antiproswpeÔei èna apì ta
n diaforetik� antikeÐmena.

– Gia k�je mÐa apì autèc tic jèseic èqoume 2 epilogèc: na epilèxoume to
antikeÐmenì thc   na mhn to epilèxoume kai na b�loume sth jèsh tou èna
apì ta n Ðdia antikeÐmena.

– 'Ara sunolik�: 2n trìpoi.

Jèma 3

3.1 Qrhsimopoi¸ntac to je¸rhma Pólya, upologÐste to pl joc twn diaforetik¸n
braqioli¸n me 3 q�ntrec, leukèc kai kìkkinec. IsodÔnama eÐnai braqiìlia pou
prokÔptoun apì enallag  twn �krwn touc.

– D = {1, 2, 3}, oi q�ntrec
– R = {b, y}, ta qr¸mata me w(b) = b, w(y) = y
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– 'Eqoume tic ex c metajèseic: π1 =

(
123
123

)
kai π2 =

(
123
321

)
, dhl.

|G| = 2.

– Sth met�jesh π1 up�rqoun 3 kÔkloi m kouc 1, dhl. x3
1

– Sth met�jesh π2 up�rqoun 1 kÔkloc m kouc 1 kai 1 kÔkloc m kouc 2, dhl.
x1
1x

1
2

– Opìte: PG =
x3
1 + x2x1

2
– 'Eqoume 2 qr¸mata me b�rh b, y, opìte:

– Opìte: PG =
(b+ y)3 + (b2 + y2)(b+ y)

2
= b3 + 2b2y + 2by2 + y3

– Jètontac b = y = 1 èqoume: 1 + 2 + 2 + 1 = 6 trìpoi dhl. diaforetik�
braqiìlia.

3.2 Qrhsimopoi¸ntac thn arq  EgkleismoÔ-ApokleismoÔ, upologÐste pìsoi akè-
raioi metaxÔ 1 kai 110 eÐnai sqetik� pr¸toi me to 110; (Sqetik� pr¸toi eÐnai dÔo
arijmoÐ me mìno koinì diairèth th mon�da.)

EÐnai 110 = 2 · 5 · 11

- 'Estw S = {1, 2, ..., 110}. |S| = N = 110

- c1: o arijmìc diaireÐtai me 2 me N(c1) = 55

- c2: o arijmìc diaireÐtai me 5 me N(c2) = 22

- c3: o arijmìc diaireÐtai me 11 me N(c3) = 10

- Autì pou zht�me eÐnai to N(c1 c2 c3).

- Epiplèon eÐnai: N(c1c2) = 11, N(c1c3) = 5, N(c2c3) = 2, N(c1c2c3) = 1

- N(c1 c2 c2) = N − N(c1) − N(c2) − N(c3) + N(c1c2) + N(c1c3) + N(c2c3) −
N(c1c2c3) = 110− 55− 22− 10 + 11 + 5 + 2− 1 = 40

Kal  epituqÐa!
Leutèrhc KuroÔshc
EÔh Papaðw�nnou
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