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Endeiktikèc lÔseic

1 MetaxÔ 2n antikeimènwn ta n eÐnai Ðdia. Me pìsouc trìpouc mporoÔme
na epilèxoume n apì ta dosmèna 2n antikeÐmena;

MporoÔme na dialèxoume n antikeÐmena apì ta 2n wc ex c:

– dialègw me 1 trìpo n Ðdia antikeÐmena kai me
(
n
0

)
trìpouc 0 apì ta diafo-

retik� n antikeÐmena,

– dialègw me 1 trìpo n − 1 Ðdia antikeÐmena kai me
(
n
1

)
trìpouc 1 apì ta

diaforetik� n antikeÐmena,

– dialègw me 1 trìpo n − 2 Ðdia antikeÐmena kai me
(
n
2

)
trìpouc 2 apì ta

diaforetik� n antikeÐmena,

– k.ì.k.

– dialègw me 1 trìpo 0 Ðdia antikeÐmena kai me
(
n
n

)
trìpouc n apì ta diafo-

retik� n antikeÐmena.

'Ara sunolik� me:
(
n
0

)
+
(
n
1

)
+ ...+

(
n
n

)
=

n∑
i=0

(
n

i

)
= 2n trìpouc.

Enallaktik  lÔsh:

– JewroÔme n diadoqikèc jèseic: k�je mÐa antiproswpeÔei èna apì ta n
diaforetik� antikeÐmena.

– Gia k�je mÐa apì autèc tic jèseic èqoume 2 epilogèc: na epilèxoume to
antikeÐmenì thc   na mhn to epilèxoume kai na b�loume sth jèsh tou èna
apì ta n Ðdia antikeÐmena.

– 'Ara sunolik�: 2n trìpoi.

Jèma 2. (3.5 mon�dec)

2.1 Me pìsouc trìpouc mporoÔme na diat�xoume r diaforetik� antikeÐme-
na pou epilègontai apì aperiìristo arijmì antikeimènwn n diaforeti-
k¸n eid¸n;

– AfoÔ zhteÐtai pl joc diat�xewn, qrhsimopoioÔme ekjetikèc genn triec su-
nart seic. Epomènwc, h (ekjetiik ) genn tria sun�rthsh gia k�je anti-
keÐmeno eÐnai: 1 + x+ x2

2!
+ x3

3!
+ ...

– Epomènwc, h genn tria sun�rthsh gia ìla ta n antikeÐmena eÐnai:
(
1 + x+ x2

2!
+ x3

3!
+ ...

)n

=

(ex)n = exn
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– IsqÔei ìti: eαx =
∞∑
r=0

αrx
r

r!
, opìte: enx =

∞∑
r=0

nrx
r

r!

– To zhtoÔmeno pl joc diat�xewn dÐnetai apì to suntelest  tou xr

r!
sto

parap�nw an�ptugma pou eÐnai nr.

Enallaktik  lÔsh:

– Gia to pr¸to antikeÐmeno èqoume n epilogèc gia to eÐdoc tou.

– To Ðdio gia to deÔtero èwc kai to r-ostì antikeÐmeno.

– 'Ara, sunolik� nr diat�xeic.

2.2 Na apodeiqjeÐ ìti gia k�je fusikì arijmì n isqÔei:
(
n
0

)
+
(
n
2

)
+
(
n
4

)
+... =(

n
1

)
+
(
n
3

)
+
(
n
5

)
+ ...

– Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
xi = (1 + x)n

– Gia x = −1 h parap�nw sqèsh dÐnei:
n∑

i=0

(
n

i

)
(−1)i = 0

– AnaptÔssoume to �jroisma sto aristerì mèroc:
(
n
0

)
−

(
n
1

)
+
(
n
2

)
−

(
n
3

)
+(

n
4

)
−

(
n
5

)
+ ... = 0 ⇔(

n
0

)
+
(
n
2

)
+
(
n
4

)
+ ... =

(
n
1

)
+
(
n
3

)
+
(
n
5

)
+ ...

Jèma 3. (4 mon�dec)

3.1 Poio eÐnai to pl joc twn diaforetik¸n braqioli¸n me 3 q�ntrec, mple
kai kÐtrinec; Braqiìlia pou prokÔptoun apì enallag  twn qantr¸n
A kai B (me th G akÐnhth) jewroÔntai isodÔnama, ìpou A, B kai G
eÐnai oi treic q�ntrec.

D = {1, 2, 3}, oi q�ntrec
R = {b, y}, ta qr¸mata me w(b) = b, w(y) = y

AfoÔ isodÔnama eÐnai braqiìlia pou prokÔptoun apì enallag  twn �krwn touc,

up�rqoun oi ex c metajèseic: π1 =

(
123
123

)
kai π2 =

(
123
321

)
, dhl. |G| = 2.

Sth met�jesh π1 up�rqoun 3 kÔkloi m kouc 1, dhl. x3
1.

Sth met�jesh π2 up�rqoun 1 kÔkloc m kouc 1 kai 1 kÔkloc m kouc 2, dhl.
x1
1x

1
2.

Opìte: PG =
x3
1 + x2x1

2

'Eqoume 2 qr¸mata me b�rh b, y, opìte: PG =
(b+ y)3 + (b2 + y2)(b+ y)

2
=

b3 + 2b2y + 2by2 + y3.
Jètontac b = y = 1 èqoume: 1 + 2 + 2 + 1 = 6 trìpouc dhl. diaforetik�
braqiìlia.
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3.2 Qrhsimopoi¸ntac thn arq  EgkleismoÔ-ApokleismoÔ, upologÐste pì-
sec lèxeic twn n sumbìlwn apì to alf�bhto {0, 1, 2} up�rqoun me èna
toul�qiston 0, èna toul�qiston 1 kai èna toul�qiston 2 ;

'Estw S to sÔnolo ìlwn twn pijan¸n metajèsewn twn stoiqeÐwn 0,1,2 se n
jèseic. |S| = N = 3n

c1: h lèxh den perièqei kanèna 0, N(c1) = 2n

c2: h lèxh den perièqei kanèna 1, N(c2) = 2n

c3: h lèxh den perièqei kanèna 2, N(c3) = 2n

Autì pou zht�me eÐnai to N(c1 c2 c3).

N(c1 c2 c2) = N − N(c1) − N(c2) − N(c3) + N(c1c2) + N(c1c3) + N(c2c3) −
N(c1c2c3) = 3n − 2n − 2n − 2n + 1 + 1 + 1− 0 = 3(3n−1 − 2n + 1)
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