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Endeiktikèc lÔseic

Jèma 1

1.1 Me pìsouc trìpouc mporoÔn na diataqjoÔn r diaforetik� antikeÐmena pou epi-
lègontai apì aperiìristo arijmì antikeimènwn n diaforetik¸n eid¸n;

– AfoÔ zhteÐtai pl joc diat�xewn, qrhsimopoioÔme ekjetikèc genn triec su-
nart seic. Epomènwc, h (ekjetik ) genn tria sun�rthsh gia k�je antikeÐ-
meno eÐnai: 1 + x+ x2

2!
+ x3

3!
+ ...

– Epomènwc, h genn tria sun�rthsh gia ìla ta n antikeÐmena eÐnai:
(
1 + x+ x2

2!
+ x3

3!
+ ...

)n

=

(ex)n = exn

– IsqÔei ìti: eαx =
∞∑
r=0

αrx
r

r!
, opìte: enx =

∞∑
r=0

nrx
r

r!

– To zhtoÔmeno pl joc diat�xewn dÐnetai apì to suntelest  tou xr

r!
sto

parap�nw an�ptugma pou eÐnai nr.

Enallaktik  lÔsh:

– Gia to pr¸to antikeÐmeno èqoume n epilogèc gia to eÐdoc tou.

– To Ðdio gia to deÔtero èwc kai to r-ostì antikeÐmeno.

– 'Ara, sunolik� nr diat�xeic.

1.2 ApodeÐxte ìti gia k�je fusikì arijmì n isqÔei:
n∑

i=0

(
n

i

)
2i = 3n

Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
xi = (1 + x)n. Gia x = 2 h parap�nw sqèsh dÐnei:

n∑
i=0

(
n

i

)
2i = (1 + 2)n = 3n
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Jèma 2

Poioc eÐnai o suntelest c tou x63 sthn par�stash (1+x3+x7)74; Oi akèraiec
lÔseic thc exÐswshc 3i+ 7j = 63 eÐnai oi (i, j) ∈ {(0, 9), (7, 6), (14, 3), (21, 0)}.

IsqÔei (s+ t)n =
n∑

r=0

C(n, r)srtn−r. Gia s = x3 kai t = 1 + x7 èqoume:

(1 + x3 + x7)74 =
74∑
r=0

(
74

r

)
x3·r(1 + x7)74−r =

74∑
r=0

(
74

r

)
x3·r

74−r∑
k=0

(
74− r

k

)
x7·k.

Gia na upologÐsoume to suntelest  tou x63 prèpei na epilèxoume kat�llhla zeÔ-
gh tim¸n gia k kai r tètoia ¸ste 3r+7k = 63, me k kai r jetikoÔc akèraiouc mi-
krìterouc tou 63. Aut� dÐnontai apì thn ekf¸nhsh: {(0, 9), (7, 6), (14, 3), (21, 0)}.
Opìte o suntelest c tou x63 eÐnai:

(
74
9

)(
65
0

)
+
(
74
6

)(
68
7

)
+
(
74
3

)(
71
14

)
+
(
74
0

)(
74
21

)
.

Jèma 3

3.1 Qrhsimopoi¸ntac to je¸rhma Pólya, upologÐste to pl joc twn diaforetik¸n
qrwmatism¸n twn pleur¸n miac puramÐdac me 2 qr¸mata. Upojèste ìti h b�-
sh thc puramÐdac paramènei stajer  kai oi summetrÐec prokÔptoun met� apì
peristrof  thc gÔrw apì ton katakìrufo �xona.

– D = {a, b, c, d}, oi pleurèc
– R = {x, y}, ta qr¸mata me w(x) = x,w(y) = y

– 'Eqoume tic ex c metajèseic: π1 =

(
abcd
abcd

)
, π2 =

(
abcd
bcad

)
kai π3 =(

abcd
cabd

)
, dhl. |G| = 3.

– Gia thn π1 eÐnai: x4
1

– Gia thn π2 eÐnai: x1
1x

1
3

– Gia thn π3 eÐnai: x1
1x

1
3

– Opìte: PG =
x4
1 + x1

1x
1
3 + x1

1x
1
3

3
=

x4
1 + 2x1

1x
1
3

3

– 'Eqoume 2 qr¸mata me b�rh x, y, opìte:
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– Opìte: PG =
(x+ y)4 + 2(x+ y)(x3 + y3)

3
= x4+y4+2x3y+2x2y2+2xy3

– Jètontac x = y = 1 èqoume: 1+1+2+2+2 = 8 trìpoi dhl. diaforetikoÐ
qrwmatismoÐ.

Enallaktik  lÔsh:
H b�sh thc puramÐdac mporeÐ na qrwmatisteÐ me 2 trìpouc (afoÔ 2 eÐnai ta dia-
jèsima qr¸mata). Gia k�je ènan apì autoÔc touc qrwmatismoÔc, oi diaforetikoÐ
qrwmatismoÐ pou mporoÔn na l�boun oi upìloipec pleurèc prokÔptoun wc ex c:

– D = {a, b, c}, oi pleurèc (ektìc thc b�shc)
– R = {x, y}, ta qr¸mata me w(x) = x,w(y) = y

– 'Eqoume tic ex c metajèseic: π1 =

(
abc
abc

)
, π2 =

(
abc
bca

)
kai π3 =(

abc
cab

)
, dhl. |G| = 3.

– Gia thn π1 eÐnai: x3
1

– Gia thn π2 eÐnai: x1
3

– Gia thn π3 eÐnai: x1
3

– Opìte: PG =
x3
1 + x1

3 + x1
3

3
=

x3
1 + 2x1

3

3

– 'Eqoume 2 qr¸mata me b�rh x, y, opìte:

– Opìte: PG =
(x+ y)3 + 2(x3 + y3)

3

– Jètontac x = y = 1 èqoume: 23+2·2
3

= 12
3

= 4 trìpoi dhl. diaforeti-
koÐ qrwmatismoÐ gia k�je diaforetikì qrwmatismì thc b�shc. Epomènwc,
sunolik� up�rqoun 2 · 4 = 8 diaforetikoÐ qrwmatismoÐ.

3.2 Qrhsimopoi¸ntac thn arq  EgkleismoÔ-ApokleismoÔ, upologÐste pìsec topo-
jet seic twn yhfÐwn 0,1,2,...,9 up�rqoun stic opoÐec to pr¸to yhfÐo na eÐnai
megalÔtero apì to 1 kai to teleutaÐo yhfÐo na eÐnai mikrìtero apì to 8.

– 'Estw S to sÔnolo ìlwn twn pijan¸n metajèsewn twn stoiqeÐwn 0,1,2,...,9.
|S| = N = 10!
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– c1: to pr¸to yhfÐo miac met�jeshc eÐnai mikrìtero   Ðso me 1, N(c1) = 2·9!
– c2: to teleutaÐo yhfÐo miac met�jeshc eÐnai megalÔtero   Ðso me 8, N(c2) =

2 · 9!
– Autì pou zht�me eÐnai to N(c1 c2).

– N(c1 c2) = N −N(c1)−N(c2) +N(c1c2) = 10!− 2 · 9!− 2 · 9! + 4 · 8! =
2.338.560
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